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Abstract 
 In relation to the formulation of one-dimensional interfacial area transport equation 
in a subcooled boiling flow, the bubble-layer thickness model was introduced to avoid many 
covariances in cross-sectional averaged interfacial area transport equation in the subcooled 
boiling flow.  The one-dimensional interfacial area transport equation in the subcooled 
boiling flow was formulated by partitioning a flow region into two regions; boiling two-phase 
(bubble-layer) region and liquid single-phase region.  The bubble-layer thickness model 
assuming the square void peak in the bubble-layer region was developed to predict the 
bubble-layer thickness of the subcooled boiling flow.  The obtained model was evaluated by 
void fraction profile measured in an internally heated annulus.  It was shown that the 
bubble-layer thickness model could be applied to predict the bubble-layer thickness as well as 
the void fraction profile.  In addition, the constitutive equation for the distribution parameter 
of the boiling flow in the internally heated annulus, which was used for formulating the 
bubble-layer thickness model, was developed based on the measured data.  The model 
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developed in this study will eventually be used for the development of reliable constitutive 
relations, which reflect the true transfer mechanisms in subcooled boiling flows. 
 
Key Words:  Interfacial area transport; Two-fluid model; Subcooled boiling flow; 
Multiphase flow; Bubbly flow; Annulus; Bubble layer thickness; Double-sensor conductivity 
probe 
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Nomenclature 
 
A  coefficient 
AB  area of the bubble-layer region 
AC  cross-sectional area 
Ai(V)  average interfacial area 
AWP  ratio of the bubble area 
ai  interfacial area concentration 
C0  distribution parameter 
C0,Ishii  distribution parameter given by Ishii’s equation for boiling flow in a round 
  tube 
Dbc  critical bubble size beyond which it is possible for bubbles to grow due to 
  evaporation or for clusters of molecules to serve as nuclei for bubbles 
De  sphere equivalent diameter 
DH  hydraulic equivalent diameter 
DSm  Sauter mean diameter 
dV  particle volume range 
xd
r
  spatial range 
( )tVxf ,,r  particle density distribution function, which is assumed to be continuous and 
  specifies the probable number density of fluid particles at a given time t, in 
  the spatial range xd
r
 about a position x
r
, with particle volumes between V 
  and V+dV 
G  mass velocity 
j  mixture volumetric flux 
n  exponent 
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q”  heat flux 
R  radius of outer round tube 
Rj  rate of change of particle number due to coalescence or breakup 
RP  radius of the round tube 
Rph  rate of change of particle number due to phase change 
R0  radius of heated rod 
r  radial coordinate measured from the heater rod surface 
Sj  net rate of change in the particle density distribution due to the particle 
  coalescence and breakup processes 
Sph  fluid particle source or sink rate due to the phase change 
Tf  liquid temperature 
Tsat  saturation temperature 
t  time 
V  particle volume 
Vmax  maximum particle volume 
Vmin  minimum particle volume 
gv
r
  gas-phase velocity 
vgz  z-component of gas-phase velocity 
pv
r
  particle velocity 
x  radial coordinate measured from the center of the heated rod surface 
x
r
  spatial position 
z  axial coordinate 
zH  heated length 
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Greek symbols 
α  void fraction 
αWP  void fraction at the assumed square void peak 
∆ifg  latent heat 
∆Tsub  liquid subcooling 
Λ  modification factor 
ρg  gas density 
ρf  liquid density 
σ  interfacial tension 
φW  wall nucleation source 
ψ  shape factor 
 
Subscripts 
max  maximum value 
 
Mathematical symbols 
< >  cross-sectional averaged quantity 
< >B  quantity averaged over the bubble-layer region 
<< >>B  void fraction weighted quantity averaged the bubble-layer region 
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1. Introduction 
 
 In 1996, the workshop on transient thermal-hydraulic and neutronic code 
requirements was held to discuss (1) current and prospective plans of thermal hydraulic codes 
development; (2) current and anticipated uses of thermal-hydraulic codes; (3) advances in 
modeling of thermal-hydraulic phenomena and associated additional experimental needs; (4) 
numerical methods in multi-phase flows; and (5) programming language, code architectures 
and user interfaces [1].  The workshop consensus identified some important action items to 
be addressed by the international community in order to maintain and improve the calculation 
capability.  One of the important action items is the introduction of the interfacial area 
transport equation to the interfacial transfer terms in the two-fluid model. 
 The interfacial area transport equation can be obtained by considering the fluid 
particle number density transport equation analogous to Boltzmann’s transport equation [2, 3].  
It can replace the traditional flow regime maps and regime transition criteria that do not 
dynamically represent the changes in interfacial structure [4, 5].  The changes in the 
two-phase flow structure are predicted mechanistically by introducing the interfacial area 
transport equation.  The effects of the boundary conditions and flow development are 
efficiently modeled by this transport equation.  Such a capability does not exist in the current 
thermal-hydraulic system analysis codes [5].  Thus, a successful development of the 
interfacial area transport equation can make a quantum improvement in the two-fluid model 
formulation. 
 For this purpose, continuous efforts, which were extensively surveyed in the previous 
paper [6, 7], have been made analytically and experimentally.  In the first stage of the 
development of the interfacial area transport equation, one-dimensional adiabatic flow was the 
focus.  In the adiabatic flow, sink and source terms of the interfacial area concentration due 
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to phase change can be dropped in the interfacial area transport equation.  The 
one-dimensional form of the interfacial area transport equation can be obtained by applying 
cross-sectional area averaging over three-dimensional form of the interfacial area transport 
equation.  However, the exact mathematical expressions for the area-averaged sink and 
source terms would involve many covariances that might further complicate the 
one-dimensional problem.  However, since these local terms are originally obtained from a 
finite volume element of the mixture [8, 9], the functional dependence of the area-averaged 
source and sink terms on the averaged parameters could be assumed to be approximately the 
same if the hydraulic diameter of the flow path was considered as the length scale of the finite 
element [8].  Therefore, it has been assumed that three-dimensional sink and source terms 
with the parameters averaged within the cross-sectional area are still applicable for the 
area-averaged sink and source terms in the one-dimensional form of the interfacial area 
transport equation [8].  This assumption would be valid for relatively uniform local flow 
parameters over a flow channel like those in an adiabatic vertical flow.  Under this 
assumption, the interfacial area transport equation for the one-dimensional adiabatic flow was 
developed successfully by modeling sink and source terms of the interfacial area concentration 
due to bubble coalescence and breakup [6-10].  In the next stage, subcooled boiling flow 
would be the focus, and a preliminary local measurement for interfacial area concentration 
was initiated for subcooled boiling water flow in an internally heated annulus [11].  To 
develop the interfacial area transport equation for subcooled boiling flows, sink and source 
terms due to phase change should be modeled based on rigorous and extensive boiling flow 
data.  In addition, since phase distribution pattern in subcooled boiling flow would not be 
uniform over a flow channel, the one-dimensional form of the interfacial area transport 
equation should be reformulated by taking account of the non-uniformity in the phase 
distribution pattern.  The subcooled boiling flow may be characterized as two distinctive 
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flow region, namely (1) boiling two-phase (bubble layer) region where the void fraction 
profile may approximately be assumed to be uniform, and (2) liquid single-phase region 
where the void fraction may be assumed to be zero.  Many covariances due to applying 
cross-sectional area averaging over three-dimensional form of the interfacial area transport 
equation would be avoided by taking the average over the bubble layer. 
 From this point of view, this study aims at developing the bubble-layer thickness 
model to reformulate the one-dimensional interfacial area transport equation in subcooled 
boiling flow.  The developed bubble-layer thickness model is evaluated by local void 
fraction data in subcooled boiling flow, which were taken by using an internally heated 
annulus consisting of an inner heater rod with a diameter of 19.1 mm and an outer round tube 
with an inner diameter of 38.1 mm [11-13].  The model developed in this study will 
eventually be used for the development of reliable constitutive relations, which reflect the true 
transfer mechanisms in subcooled boiling flows. 
 
 
2. Formulation of one-group interfacial area transport equation for subcooled boiling 
flow 
 
For the purpose of modeling interfacial area transport, Ishii and Kocamustafaogullari 
[2, 3] obtained the interfacial area transport equation based on statistical mechanics.  The 
fluid particle number density distribution changes with the fluid particle contraction and 
expansion, entering and leaving, coalescence and disintegration, evaporation and condensation, 
nucleation and collapse.  Simply accounting for these effects in a control volume yields the 
fluid particle transport equation: 
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( ) ph
j
jp SS
dt
dV
f
V
vf
t
f
+=





∂
∂
+⋅∇+
∂
∂
∑
r
, (1) 
where ( )tVxf ,,  is the particle density distribution function, which is assumed to be 
continuous and specifies the probable number density of fluid particles at a given time t, in the 
spatial range xd  about a position x , with particle volumes between V and V+dV.  
( )tVxvp ,,  denotes the particle velocity of volumes between V and V+dV at a given time t in 
the spatial range xd  about a position x .  For small bubbles, the internal circulation can be 
neglected.  Accordingly, the particle velocity, pv
r
, is identical to the gas-phase velocity, gv
r
 
[8].  The interaction term, ∑
j
jS , represents the net rate of change in the particle density 
distribution due to the particle coalescence and breakup processes.  The second term of the 
right hand side, Sph, is the fluid particle source or sink rate due to the phase change.  For 
example, for a one-component bubbly flow, Sph represents the bulk liquid bubble nucleation 
rate due to homogeneous and heterogeneous nucleation, and the collapse rate due to 
condensation for the subcooled boiling flow.  The wall nucleation rate which is not included 
in Sph must be specified as a boundary condition.  The third term of the left-hand side in 
Eq.(1) represents the rate of change in the particle density distribution due to the pressure 
change and/or phase changes appearing on existing interfaces. 
 The interfacial area concentration transport equation of fluid particles can be 
obtained by multiplying the particle number density transport equation by the average 
interfacial area, ( )VAi , which is independent of the spatial coordinate system.  This yields 
the following equation [14, 15]: 
( ) ( ){ } ( ) ( ) ( )VASVAS
dt
dV
f
V
VAVAvf
t
VfA
iph
j
ijiig
i +=





∂
∂
+⋅∇+
∂
∂ ∑
r
. (2) 
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For practical purposes, the fluid particle interfacial area transport equation is too detailed.  
Hence, it would be much more useful to average an interfacial area transport equation over 
particle size groups that are determined according to particle mobilities.  As a general 
approach, two-group interfacial area transport equations have recently been proposed by 
treating the bubbles in two groups such as the spherical/distorted bubble group (group one) 
and the cap/slug bubble group (group two) [5].  If only one-group bubbles is considered, the 
interfacial area transport equation can easily be obtained by integrating Eq. (2) from Vmin to 
Vmax and applying the Leibnitz rule.  Then, we have the three-dimensional interfacial 
transport equation [15]: 
( ) ph
Sm
bc
bc
j
j
i
g
i
gi
i R
D
D
DR
a
v
t
a
va
t
a












−+





+




 ⋅∇+
∂
∂
=⋅∇+
∂
∂ ∑
3
2
1
3
1
3
2 2
2
pi
α
ψ
α
α
α
rr
. (3) 
where Rj and Rph are the rate of change of particle number due to coalescence or breakup, and 
phase change, respectively.  ψ is the shape factor and defined by 
3
36
1






=
e
Sm
D
D
pi
ψ  (4) 
where De is the volume equivalent diameter, and therefore, ψ=1/36pi for a spherical bubble.  
Dbc is the critical bubble size beyond which it is possible for bubbles to grow due to 
evaporation, or for clusters of molecules to serve as nuclei for bubbles.  For a static case, Dbc 
is given by 
( )
satffgg
sat
bc
TTi
T
D
−∆
=
ρ
σ4
. (5) 
where σ, Tsat, ρg, ∆ifg, and Tf are the surface tension, the saturation temperature, the gas 
density, the latent heat, and the liquid temperature, respectively. 
 The simplest form of the one-group interfacial area transport equation is the 
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one-dimensional formulation obtained by applying cross-sectional area averaging over Eq. (3).  
However, the exact mathematical expressions for the area-averaged source and sink terms 
would involve many covariances that might further complicate the one-dimensional problem.  
For an adiabatic vertical flow, phase distribution pattern can be considered to be relatively 
uniform, and therefore the covariances can be neglected [8].  Thus, three-dimensional sink 
and source terms with the parameters averaged within the cross-sectional area are still 
applicable for the area-averaged sink and source terms in the one-dimensional form of the 
interfacial area transport equation.  However, for subcooled boiling flow, phase distribution 
pattern may not be assumed to be uniform, resulting in many covariances in the 
one-dimensional interfacial area transport equation.  To avoid the covariances, the following 
simple model is introduced to formulate one-dimensional interfacial area transport equation 
for subcooled boiling flow.  For subcooled boiling flow, the bubbles mainly exist near a 
heated wall, whereas almost no bubble exists far from the heated wall.  Therefore, the flow 
path may be divided into two regions, namely (i) boiling two-phase (bubble layer) region 
where the void fraction profile can be assumed to be uniform, and (ii) liquid single-phase 
region where the void fraction can be assumed to be zero.  Thus, the one-group interfacial 
area transport equation averaged over the bubble-layer region is obtained as: 
( ) { }
BwBph
Sm
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bc
j
Bj
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B
B
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B
B
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B
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Bi
R
D
D
DR
a
v
zd
d
t
a
va
zd
d
t
a
φpi
α
ψ
α
α
α∂
∂
+












−+







+








+
∂
∂








=+
∑
3
2
1
3
1
3
2
2
2
. (6) 
where < >B means the quantity averaged over the bubble-layer region, and φw is the wall 
nucleation source, which is the most important term for subcooled boiling flow.  The 
cross-sectional area averaged quantities can be given by the product of the quantity averaged 
over the bubble-layer region and AB/AC, where AB and AC are the area of the bubble-layer 
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region and the cross-sectional area, respectively. 
 It should be noted here that three-dimensional source and sink terms with the 
parameters averaged within the bubble-layer region would be still applicable for the source 
and sink terms averaged within the bubble-layer region in Eq.(6) on the following ground.  
Since these local terms in three-dimensional interfacial area transport equation are originally 
obtained from a finite volume element of the mixture, the functional dependence of the source 
and sink terms averaged over the bubble-layer region on the parameters averaged over the 
bubble-layer region should be approximately the same if the bubble-layer thickness is 
considered as the length scale of the finite element [8]. 
 
 
3. Development of bubble-layer thickness model 
 
 As explained in the previous section, it is anticipated that a void peaking near a 
heated wall would appear in subcooled boiling flow.  In the subcooled boiling flow, 
relatively uniform phase distribution over a flow channel may not be assumed, resulting in 
many covariances in one-dimensional interfacial area transport equation.  To avoid the 
covariances, the bubble-layer model shown in Fig.1 is introduced to formulate 
one-dimensional interfacial area transport equation.  Here, an internally heated annulus is 
taken as an example.  In this model, a flow path is divided into two regions, namely (i) 
boiling two-phase (bubble layer) region where the void fraction profile is assumed to be 
uniform, and (ii) liquid single-phase region where the void fraction is assumed to be zero.  In 
Fig.1, α, x, R0, αWP, xWP, and R are the local void fraction, the radial coordinate measured 
from the center of the heater rod surface, the radius of the heater rod, the void fraction at the 
assumed square void peak, the bubble-layer thickness, and the radius of the outer round tube, 
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respectively.  In what follows, the bubble-layer thickness in an internally heated annulus will 
be derived. 
 The profile of mixture volumetric flux, j, in the flow channel is approximated as: 








−
−−
+
=
n
RR
r
j
n
n
j
1
0
2
11
1
,       (7) 
where n and r are the exponent and the radial coordinate measured from the heater rod surface, 
respectively, and < > means the cross-sectional averaged quantity.  As shown in Fig.1, for 
the purpose of the bubble-layer model, the profile of void fraction is assumed to be square 
peak near the wall (bubble-layer region), and is approximated as: 
0for    0
0for    
RRrx
xr
WP
WPWP
−≤≤=
≤≤=
α
αα
.       (8) 
The distribution parameter, C0, can be obtained by mixture volumetric flux and void fraction 
profiles as [16]: 
j
j
C
α
α
=0 .         (9) 
From Eqs.(7)-(9), one can obtain the distribution parameter for subcooled boiling flow 
analytically as: 
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2
0 0
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−
≤≤ , 
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The area-averaged void fraction can be obtained as: 






+
−
=
2
2
02
0
2
WPWPWP xR
RR
xα
α .       (11) 
As can be seen in Eq.(10), one can estimate the bubble-layer thickness provided that the 
distribution parameter is given. 
 As shown in Fig.2, for the purpose of better estimation in void fraction profile, the 
profile of void fraction may be assumed to be right triangle peak near the wall, and is 
approximated as: 
( )
0for    0
0for    
RRrx
xrr-x
x
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WPWP
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WP
−≤≤=
≤≤−=
α
α
α
.       (12) 
From Eqs.(7),(9),(12), one can obtain the distribution parameter for subcooled boiling flow 
analytically as: 
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The area-averaged void fraction can be obtained as: 






+
−
=
3
02
0
2
WPWPWP xR
RR
xα
α ,       (14) 
 
 
4. Results and discussion 
 
4.1.Data base used for evaluation of bubble-layer model 
 In order to evaluate the derived bubbly-layer thickness model, Eq.(10), and void 
profile model, Eq.(13), the authors measured local flow parameters of subcooled water boiling 
flows in an internally heated annulus at the Thermal-hydraulics and Reactor Safety Laboratory 
in Purdue University [11-13].  An experimental facility used in the experiment was scaled to 
a prototypic BWR based on scaling criteria for geometric, hydrodynamic, and thermal 
similarities [11].  The test section is an annular geometry that is formed by a clear 
polycarbonate tube on the outside and a cartridge heater on the inside.  The inner diameter of 
the outer tube is 38.1 mm.  The overall length of the heater is 2670 mm and has a 19.1 mm 
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outer diameter.  The heated section of the heater rod is 1730 mm long.  The maximum 
power of the heater is 20 kW and has a maximum surface heat flux of 0.193 MW/m
2
.  Local 
measurements of void fraction, interfacial area concentration, and interfacial velocity were 
performed by using the double-sensor conductivity probe method.  The double-sensor 
conductivity probe was held and positioned along the radial direction using a traversing 
mechanism.  Data were taken at four different axial locations as well as eight radial positions.  
Flow conditions in the experiments are listed in Table 1.  The details of the experimental 
loop and experimental procedure are found in the previous paper [11] and reports [12, 13]. 
 
4.2. Development of constitutive equation for distribution parameter of subcooled boiling 
flow in an internally heated annulus 
 The bubble-layer thickness can be obtained provided the distribution parameter is 
given.  Ishii [17] developed the distribution parameter in developing flow due to boiling 
based on the following extensive discussion.  For a flow with generation of void at the wall 
due to nucleation, the distribution parameter should have a near-zero value at the beginning of 
the two-phase flow region.  With the increase in the cross-sectional mean void fraction, the 
peak of the local void fraction moves from the near-wall region to the central region.  This 
will lead to the increase in the value of the distribution parameter as the void profile develops.  
In view of the basic characteristic described above and various experimental data, Ishii 
proposed the following simple correlation as [17]: 
( )( )αρρ Afg eC −−= 12.02.10 ,       (15) 
where ρf and A are the liquid density and a coefficient, respectively, and Ishii recommended 
the coefficient to be -18.  Since Eq.(15) was derived based on experimental data mainly 
taken in round tubes, the applicability of Eq.(15) to subcooled boiling flow in an internally 
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heated annulus should be examined based on experimental data.  As can be seen from Eq.(9), 
the distribution parameter can be determined provided that the profiles of void fraction and 
mixture volumetric flux are available.  As explained in the section 4.1, some data on void 
fraction profile are available [11-13].  However, since the profile of mixture volumetric flux 
is not available in the data base, the profile is approximated as Eq.(7) to determine the 
distribution parameter.  In this calculation, n in Eq.(7) is assumed to be 7.  Figure 3 shows 
an example of the sensitivity analysis of C0 on n.  Since 30 % change of n only causes ±5 % 
deviation from the value of C0 calculated by using n=7, a slight change of n may not affect C0 
significantly. 
 In Fig.4, the distribution parameters obtained based on the measured profile of the 
void fraction and the assumed profile of the mixture volumetric flux are plotted against the 
measured area-averaged void fraction.  Solid and broken lines indicate the distribution 
parameters calculated by Ishii’s equation for an adiabatic flow in a round tube, Eq.(16), and 
Ishii’s equation for boiling flow in a round tube, namely Eq.(15) with A=-18. 
( )fgC ρρ2.02.10 −= .        (16) 
Unfortunately, both equations do not give good predictions of the distribution parameter for 
the internally heated annulus.  The effect of the channel geometry on the distribution 
parameter may be attributed to the difference in the position where void peaking appears 
between channels.  For an internally heated annulus, void fraction peak exists near the wall 
of the inner heater rod, whereas for a round tube, void fraction peak appears near the wall of 
the round tube.  However, it is found that the distribution parameter in the internally heated 
annulus appears to be still a function of the area-averaged void fraction and the asymptotic 
value of the distribution parameter may be given by Eq.(16).  It should be noted here that the 
distribution parameters for an adiabatic bubbly flow in an annulus with the same dimensions 
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as the internally heated annulus can approximately be represented by constitutive equation for 
distribution parameter of a bubbly flow in a round tube [18, 19].  This may be attributed to 
void fraction profile of the adiabatic flow observed in the annulus, which is similar to that in a 
round tube.  Even in the annulus, two void peaks for the adiabatic flow appear in the vicinity 
of inner and outer tubes [19].  This phase distribution pattern is quite similar to that in the 
round tube, where two void peaks appear along the radius of the tube.  Thus, a function 
similar to Eq.(15) may be recommended to develop a new constitutive equation for the 
distribution parameter in the internally heated annulus.  The following explicit form of the 
coefficient, A, in Eq.(15) is plotted against the area-averaged void fraction in Fig.5. 








−
−=
fg
C
A
ρρα 2.02.1
1ln
1 0 .       (17) 
It is found that the coefficient is not constant as that in a round tube and is a function of the 
area-averaged void fraction.  The dependence of the coefficient on the area-averaged void 
fraction can be given by 
788.0
12.3
−
−= αA .        (18) 
Thus, the substituting Eq.(18) into Eq.(15) yields the constitutive equation for the distribution 
parameter of subcooled boiling flow in an internally heated annulus as: 
( )( )212.012.30 12.02.1 αρρ −−−= eC fg .      (19) 
Dotted line in Fig.4 indicates the distribution parameter calculated by the newly developed 
equation, Eq.(19).  As shown in the figure, the newly developed equation can represent the 
data tendency very well.  Figure 6 compares the newly developed equation with the data used 
in the development of Ishii’s equation for boiling flow in a round tube [17].  Solid and 
broken lines indicate the predicted distribution parameters by Eq.(15) with A=-18 and Eq.(19), 
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respectively.  As expected, the newly developed correlation seems not to agree with the data 
taken in the round tubes satisfactorily, although the scatter of the data is relatively large.  In 
the next section, the effect of the distribution parameter on the channel geometry will be 
discussed in detail. 
 
4.3. Conversion of Ishii’s equation into distribution parameter of annulus 
 In order to derive the distribution parameter of boiling flow for a round tube 
analytically, the profiles of mixture volumetric flux and void fraction are approximated by 
Eqs.(7) and (20), respectively. 
WPP
PWPPWP
xRr
Rr-xR
−≤≤=
≤≤=
0for    0
for    
α
αα
,       (20) 
where RP is the radius of the round tube, see Fig.7.  From Eqs.(7), (9), (20), one can obtain 
the distribution parameter for boiling flow in a round tube analytically as: 
( )
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C .      (21) 
As shown in Fig.8, the distribution parameters of boiling flow in internally heated annulus and 
round tube are plotted against the ratios of the bubble area, AWP, to the channel area, AC given 
by Eqs.(22) and (23), respectively. 
( )
2
0
2
02
RR
xRx
A
A WPWP
C
WP
−
+
= , for annulus,      (22) 
2
11 





−−=
P
WP
C
WP
R
x
A
A
, for round tube,      (23) 
The figure indicates that the distribution parameter for the annulus is always higher than that 
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for the round tube at a certain AWP/AC.  Since the product of AWP/AC and αWP is equal to <α>, 
AWP/AC may correlate closely with <α>.  If the relationship between <α> and AWP/AC is 
identified in the annulus and the round tube, Ishii’s equation for boiling flow in a round tube, 
Eq.(15) can be converted into a constitutive equation for the distribution parameter of boiling 
flow in an internally heated annulus.  For the round tube, the relationship between <α> and 
AWP/AC can be obtained from Eq.(15) with A=-18, and Eqs.(21) and (23).  For the annulus, 
the relationship between <α> and AWP/AC can be calculated from measured relationship 
between <α> and C0, and Eqs.(10) and (22).  Figure 9 shows the dependence of <α> on 
AWP/AC.  Open circle and solid line represent the estimated relationships between <α> and 
AWP/AC for the annulus and the round tube, respectively.  For AWP/AC≤0.3, the dependence of 
<α> on AWP/AC for the annulus agrees with that for the round tube fairly well.  This indicates 
that αWP as well as AWP/AC at a certain <α> is the same between the annulus and the round 
tube for AWP/AC≤0.3.  Therefore, for AWP/AC≤0.3, it can be considered that the difference in 
the dependence of C0 on <α> between the annulus and the round tube may mainly be 
attributed to the difference in the channel geometry.  For AWP/AC≤0.3, the constitutive 
equation for the distribution parameter for boiling flow in the internally heated annulus can be 
obtained from Ishii’s equation, Eq.(15), taking account of the channel geometry effect on the 
distribution parameter as: 
( )( )αρρΛ 180 12.02.1 −−−= eC fg ,      (24) 
The modification factor, Λ, defined by the ratio of the distribution parameter for the annulus 
to that for the round tube is given as a function of the distribution parameter for the round tube, 
see Fig.10.  Solid line indicates the modification factor obtained from Eqs.(10) and (21) 
analytically.  However, the functional form is rather complicated, so the modification factor 
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can be approximated as: 
4
,0
3
,0
2
,0,0 20513.386591.1123067.1781133.1230606.5 IshiiIshiiIshiiIshii CCCC +−+−=Λ , (25) 
where C0,Ishii refers to the distribution parameter given by Eq.(15) with A=-18.  In the figure, 
broken line indicates the value calculated from Eq.(25).  The approximated function, Eq.(25), 
can reproduce the exact values of the modification factor calculated from Eqs.(10) and (21) 
excellently.  On the other hand, for AWP/AC>0.3, the dependence of <α> on AWP/AC for the 
annulus is significantly different from that for the round tube.  However, as AWP/AC increases, 
the dependence of C0 on <α> becomes weaker.  Thus, Eqs.(24) and (25) would practically be 
applicable even to the flow for AWP/AC>0.3. 
 Figure 11 shows the comparison of calculated distribution parameters with 
experimental data taken in the internally heated annulus.  Solid, broken, dotted, and chain 
lines indicate the distribution parameters calculated by Eq.(15), Eq.(19), Eq.(24) with exact 
modification factor, and Eq.(24) with approximated modification factor, Eq.(25), respectively.  
Since the exact modification factor is only available in the range of 0≤C0,Ishii≤1.0, namely 
0≤<α>≤0.10, the calculation of the distribution parameter is performed within the void 
fraction range.  This limitation is attributed to assumed square void profile in the 
bubble-layer thickness model calculating the distribution parameter for the round tube.  
However, it would still be possible to calculate C0 even in the range of <α>≥0.10 by Eq.(24) 
with extended use of Eq.(25).  The distribution parameter calculated by Eq.(24) with Eq.(25) 
agrees with that calculated by Eq.(24) with the exact modification factor and with 
experimental data excellently.  Thus, the distribution parameter obtained by modifying 
Ishii’s equation for boiling flow in a round tube gives an excellent agreement with the 
experimental data taken in the internally heated annulus.  This indicates that the difference in 
the dependence of C0 on <α> between the annulus and the round tube would mainly be 
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attributed to the difference in the channel geometry.  This extensive discussion on the effect 
of the channel geometry on the distribution parameter substantiates the validity of the physical 
mechanism how the distribution parameter develops with increase in the void fraction, which 
was proposed by Ishii [17]. 
 
4.4. Flow parameter dependence of bubble-layer thickness 
 Figure 12 shows the dependence of flow parameters on the bubble-layer thickness 
calculated by using Eqs.(10),(19).  The figure at the upper left in Fig.12 shows the 
dependence of the distribution parameter on the bubble-layer thickness.  As the bubble-layer 
thickness increases, the distribution parameter increases significantly in the region given by 
0≤xWP/(R-R0)≤0.2; beyond this region, the distribution parameter gradually increases to its 
maximum value (C0,max=1.07); finally the distribution parameter reaches to 1.0 at 
xWP/(R-R0)=1.  The figure at the upper right in Fig.12 shows the dependence of the 
area-averaged void fraction on the bubble-layer thickness.  As the bubble-layer thickness 
increases, the area-averaged void fraction increases gradually in the region given by 
0≤xWP/(R-R0)≤0.2; beyond this region, the area-averaged void fraction steeply increases to its 
maximum value (<α>=0.241); finally the area-averaged void fraction reaches to 0.0787 at 
xWP/(R-R0)=1.  The figure at the lower left in Fig.12 shows the dependence of the void 
fraction at the wall peak on the bubble-layer thickness.  As the bubble-layer thickness 
increases, the void fraction at the wall peak increases gradually in the region given by 
0≤xWP/(R-R0)≤0.2; beyond this region, the void fraction at the wall peak gradually increases to 
its maximum value (αWP=0.320); finally the distribution parameter reaches to 0.0787 at 
xWP/(R-R0)=1.  The figure at the lower right in Fig.12 shows the dependence of the void 
fraction at the wall peak on the area-averaged void fraction.  There are two values of the void 
fraction at wall peak at a certain area-averaged void fraction in the region given by 
T. Hibiki et al. / Modeling of Bubble-Layer Thickness 
 23 
0.0787≤<α>≤0.241.  Thus, in the region, a special attention should be paid in a numerical 
calculation determining the bubble-layer thickness.  Figure 13 shows the dependence of flow 
parameters on the bubble-layer thickness calculated by using Eqs.(13),(19).  The dependence 
of flow parameters on the bubble-layer thickness is quite similar to that calculated by using 
the bubble-layer thickness model. 
 
4.5. Comparison of Bubble-Layer Model with Experimental Data 
 The bubble-layer thickness model, Eqs.(10),(19), and void profile model, 
Eqs.(13),(19), are compared with experimental data taken in an internally heated annulus 
[11-13].  Typical results are shown in Fig.14.  Open circle and solid line indicate the 
measured void fraction profile, and its smoothed line, respectively.  Fine solid and broken 
lines are the void fraction profiles calculated by the bubble-layer thickness model and the void 
profile model, respectively.  To emphasize the void fraction profile calculated by the 
bubble-layer thickness model, the void fraction profile is also shown in hatched area.  As can 
be shown in Fig.14, the bubble-layer thickness model assuming the square void peak near a 
heated wall can approximate the measured void fraction profiles reasonably well.  Thus, 
bubble-layer thickness model developed in this study would be sound and applicable to 
predict the bubble-layer thickness for subcooled boiling flow in an internally heated annulus.  
Since the basic model utilized in this bubble-layer thickness model is considered to be sound, 
the bubble-layer thickness model in other channel geometries like a round tube and a 
rectangular duct can also be derived by taking account of the channel geometry and 
distribution parameter.  The void profile model assuming the right triangle void peak near a 
heated wall can represent the measured void fraction profiles better than the bubble-layer 
thickness model.  Thus, the bubble-layer thickness and void profile models would be utilized 
for predicting the bubble-layer thickness to be used in the formulation of the one-dimensional 
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interfacial area transport equation, and the void fraction profile, respectively.  In a future 
study, the bubble-layer model and the constitutive equation for the distribution parameter 
developed in this study should be reevaluated based on extensive and rigorous data sets, and 
bubble-layer thickness model in other channel geometries should be developed based on the 
basic model proposed in this study. 
 
 
5. Conclusions 
 
 In relation to the formulation of one-dimensional interfacial area transport equation 
in a subcooled boiling flow, the bubble-layer thickness model to predict the bubble-layer 
thickness was developed.  Important results are as follows: 
 
(1) The one-dimensional interfacial area transport equation in a boiling flow was formulated 
by partitioning a flow region into two regions; boiling two-phase (bubble-layer) region 
and liquid single-phase region, 
(2) The bubble-layer thickness model assuming the square void peak in the bubble-layer 
region was developed to predict the bubble-layer thickness of boiling flow in an internally 
heated annulus, 
(3) The bubble-layer thickness model was compared with experimental data, and could 
successfully approximate the void fraction profile and predict the bubble-layer thickness, 
(4) The void profile model assuming the right triangle void peak in the bubble-layer region 
was developed to predict the void fraction profile of boiling flow in an internally heated 
annulus, 
(5) The void profile model was compared with experimental data, and could successfully 
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approximate the void fraction profile, 
(6) In relation to the development of the bubble-layer thickness model, the constitutive 
equation for the distribution parameter in an internally heated annulus was developed, 
(7) It was shown that the constitutive equation for the distribution parameter for subcooled 
boiling flow in an internally heated annulus could be derived from Ishii’s equation for 
boiling flow by considering the channel shape effect on the distribution parameter, 
(8) The void profiles predicted by the models were compared with experimental data taken 
for subcooled boiling water flows in an annulus.  Excellent agreement was obtained 
between them. 
 
 The model developed in this study will eventually be used for the development of 
reliable constitutive relations, which reflect the true transfer mechanisms in subcooled boiling 
flows. 
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Caption of Table 
 
Table 1. Experimental conditions of the database. 
 
Captions of Figures 
 
Fig.1. Schematic diagram of modeled subcooled boiling flow in bubble-layer thickness 
 model for an internally heated annulus. 
Fig.2. Schematic diagram of modeled subcooled boiling flow in void profile model for an 
 internally heated annulus. 
Fig.3. Dependence of distribution parameter on exponent in j-distribution. 
Fig.4. Comparison of newly developed constitutive equation for distribution parameter in 
 an internally heated annulus with experimental data. 
Fig.5. Dependence of coefficient, A, on area-averaged void fraction. 
Fig.6. Comparison of newly developed constitutive equation for distribution parameter in 
 an internally heated annulus with ANL data. 
Fig.7. Schematic diagram of modeled subcooled boiling flow in bubble-layer thickness 
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 model for a round tube. 
Fig.8. Dependence of distribution parameter on non-dimensional bubble-layer area. 
Fig.9. Dependence of area-averaged void fraction on non-dimensional bubble-layer area. 
Fig.10. Comparison of exact modification factor with approximated one. 
Fig.11. Comparison of distribution parameter for an internally heated annulus obtained by 
 modifying Ishii’s equation for a round tube with experimental data. 
Fig.12. Flow parameter dependence of bubble-layer thickness calculated by bubble-layer 
 thickness model. 
Fig.13. Flow parameter dependence of bubble-layer thickness calculated by void profile 
 model. 
Fig.14. Comparison of void fraction profiles predicted by bubble-layer thickness and void 
 profile models with experimental data. 
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Table 1.  Experimental conditions of the database. 
References Run 
No. 
G 
[kg/m2s] 
q” 
[MW/m2] 
∆Tsub 
[K] 
zH/DH 
[-] 
<α> 
[-] 
C0 
[-] 
 R1-4-1 470 0.105 8.9 99.1 0.0165 0.8972 
 R2-4-2 922 0.147 3.6 93.8 0.0290 0.9619 
11, 12 R3-4-1 701 0.128 6.1 99.1 0.0203 0.9209 
 R4-4-1 701 0.128 4.8 99.1 0.0676 1.0212 
 R5-4-1 700 0.145 5.2 99.1 0.0725 1.0270 
 R6-4-1 1953 0.193 2.0 99.1 0.00470 0.6858 
 C1P4 1886 0.193 0.9 90.7 0.0668 0.9945 
 C2P2 942 0.193 1.0 53.5 0.1225 1.0235 
 C2P4 942 0.193 1.0 90.7 0.5087 1.0887 
 C3P4 1913 0.193 2.0 90.7 0.0295 0.9273 
13 C4P2 943 0.193 2.2 53.5 0.1588 1.0294 
 C4P4 943 0.193 2.2 90.7 0.4129 1.0865 
 C5P2 1413 0.193 3.6 53.5 0.0628 0.9738 
 C6P2 951 0.193 3.9 53.5 0.1155 1.0063 
 C6P4 951 0.193 3.9 90.7 0.3054 1.0731 
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